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I'naBa 1. BenmjecTrBeHHBIE UHCJIA.
MHo:xecTBa BellleCTBEHHbIX YHC el

FNmaea 1. BewecTBeHHbIE YUucna.

MHOXecCcTBa BelLLeCTBEeHHbIX
yucen

Kakue ocHOBHBIE YNCNOBbLIE MHOXECTEA
paccmMaTpuBalOTCH B MmatTematTuke?

K OCHOBHEIM YHCIIOBBIM MHOXKCCTBAM OTHOCHTCSH:

MHOMECTRO Hamypaibisx yuced (N), BBOIMMBIX B apupMeTHEE 118
CHETA, ¢ ONePalHIMH CIOKEHHS W YMHOMXKEHHH !

MHOKECTBO Heabix ducet (Z), PACITHPHIONIIES MHOXKECTBO HATYPAIBHEIX
HMMCEN TAK, UTO B HEM BCETAa BBINOJIHHMA ONCPALlMA BBIMHUTAHMWS,
MHOMKECTBO pauuonaibibix suced (Q), pacluMpsiolniee MHOMECTBO
LENBIX MHCE TAK, YTO B HEM BBIMOIHHMA OMepaliva JeaeHnd (KpoMe,
KOHCYHO, JEJICHHI Ha I{:_o,l',il h}:

MHOKMCCTBO GFe{EeCMaGenN iy yicea {R}, JOIMOJIHAFIIISCE MHAHOQMRCCTBO
['J'HIJ.I-'I(]HE']JIhHhIK YHCEN }IppﬁilHﬂHél.‘thMM HTAdE, YT B HCM BBEIITOM=
HHMBI, HAMPHMED, OMEPALIHH H3ABISYEHHA KOPHA HIH BEIMHCIEHHHA
norapudma, U, KpoMme Toro, Gonee npUenocobIeH Hoe L8 H3MepeHH
IUTHH, THIOIALEH H 00BeMOB;

MHOMECTBO Komutexchmx uuces (C), B KOTOPOM, B OTIHYHE OT
MHOMECTBA BEIIECTBEHHBIX YHCEN, NG00 MHOTOMIEH CTENEHH
He HHXe | uMeeT KopeHb (MM, KAK elle TOBOPAT, MHOXecTBo C
i | I'Gﬁp AHYECCKH 3aMKL I}-‘Tﬂ-}.

Y10 Takoe pauMoHansHoe 4Yncno?

Pautionatbibim HAZBIBASTCH YHCI0, NPEACTABHMOE B BHIE OTHOLLEHHSA
IABYX LEeNBIX YHcell — TouHee ropopsal, a € Q<> Im, ne Z, n=0: a= m/n.

I ﬂ."lfl NMpPHAAHHA KOM MAKTHON (t!ﬂ'p!.'[hl MATEMATHUCCKHM BhICKAIBIBAHHAM
DOVICM B AaMBHEHIEM HCMOILIORATE ODIENPHHATHIE CHMBOJILE 3 — «CVILIECT-
ByeTe, 'V = w1000k, <> — PABHOCHIABHOCTL, 2KBMBANCHTHOCTE BEICKAIL BAHHIA,

e

HMOAHEAUHA (T, €, KOTAA U3 NEPROro BLICKAILIBAHHA CNCAVET I{T{}"!OL!},
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Heorsemne MeIMH HTDHG}"I‘H MH MHOEESCTEA PALHOHAUTEHBIX “THCC HBTAHYTCH
NMpapdaa X CpaBHEHHA M OEDHSOBEIHHH HX CYVMMBI H NMPOH3BCTIECHWA.

l. Twbwie ogpa uncia a, b e QCHH:}HH bl OJIHMM H TOJLKO OJHMM M3 Tpex
FHAKOB CPABHEHHH », < MAH = N0 CACAVIOWEMY NPaBHay:

fﬂ. .ﬂ‘!z
— eClH =— H b=—= HeoTpHUuaATeIbHBL, TO O H b CBA3AHBI TEM Xe
m iy
JHAKOM, MTO H LHENbI¢ YHCHAA FH‘1H‘1 H !H‘2H|;
— BCIH 4 W b HeENoNoXKHTEN EHEI, TO OHH CBA3AHEI TEM e SHAKOM, YTD
wuncna |6 v |al;
— ECIH @ HEOTPUUATEIBHO U § 0TPHLATENBHO, TO g = b,

i iy
I1. NobbiM uHCcHaM a= —', bh=—=c() CTABHTCHA B COOTBETCTBHE HX
”2 fﬂlﬂ'z + fﬂzﬂl
cymMma g + b, paBHas palHOHATBHOMY MHCIY —————=—,
My
m iy 1"2
11, JTwobeiv uncnam g =—, f=—=c( CTABHTCH B COOTBETCTBHE HX
nl H_-_! J'.i‘i']fﬂz
NpoM3IBeIeHNE @ - b, pABHOE PALMOHAIIBHOMY YMHCAY i
"y

Y70 OTHOCSHT K OCHOBHbIM CBOWMCTEaM
pauMoHanbHbIX Yncen?

K ocHOBHBIM OTHOCAT cheayioummne 13 cpoilcTE palHOHATBHBIX YHCET,
l.a>b=b<a;
a>b, b>ec=a>c(TPAHIUTHBHOCTE 3HAKA ),
a=hb=c=ag=c(TPAHIUTHBHOCTb 3HAKA =).

2.a+bh=5h+a(KOMMYTATHBHOCTE CIIOXEHHWH).

J(ath)+c=a+(b+c)(ACCOUMATHBEHOCTE COKEHHHA),

4 .90 Qra+0=gvac Q(ocobasg ponk HYIH),

5.%ac Q Ja'e @:a + a'=0(a'HazplBaeTCHa NPOTHEONOIOXKHEIM
YHCY ).

6.a b =ha(KOMMYTATHBHOCTE YMHOMKEHHA),

T.(a-b)-c=a (b ¢)(accOUHATHBHOCTE YMHOXKEHHA),

8.dle Q:a-1l=a%Vaec Q(ocobas polib eAHHHLB).

9. %ae Qa=0da’e Qra-a'= 1 {a’ HazwiBaeTeH OBPATHBIM YMCITY ).

0. (a+8)-c=a-c+ b c(AHCTPHBYTHBHOCTE YMHOMEHHA OTHO-
CHTE/IBHO CIIOMEHHA ).

IlLa>b=atc>b+c Vee Q.

12a>b=a-c>b-c¥ee @, c>0.

13. Kakopo 66l HH OBL10 @ = @, yHcao | MOXKHO NOBTOPHTE Caara-
eMBIM CTOJIBKO pa3, 4TO NOJYHeHHAd CyMMa NpessoiineT a (aKkcHoma
Apxumenal.
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Kakyio ponb urpaotT 6ecCKOHe4YHbIe AeCATUYHbIe
Opo0OK Npu BEEgEHUN NOHATUSA
BellecCTBEeHHOro yvcna?

Hecamuwnod dpodsw HA3BIBAETCA KOHEYHAas MK GecKoOHeYHad 3aNHch
BHIA * ag. d) @5 ... d,.... B KOTOPOi gy — HATYPAILHOE YHCIO, ), d. ...,
Ay — uudhpbl, T. €. Heable yucaa ot 0 no 9.

JecarnuHbie Apodu ABISIOTCH GIHHM U3 HHCTPYMCHTORB JUIS PACIIHPE-
HHUA MHOKecTRa (00 MHoXecTEa K. Yucao HazoBeM aemecmeaerinmm (W
delcmEumeasHpM), SCii OHO NPEACTABMMO KOHEUHON niu DECKOHEUHO
AecHTHYHOH 1po0LIo.

Crneayer OTMETHTE, UTO KOHEUHAA NECATHHHAA ApoDL ABRIACTCA Npe-
CTARIEHHEM TONBKO PALHOHATBHOTO Ynca. [Tpu aToM ecTi panHoOHANBHEIE
YHCIIa, NPeIcTABHMBIE H DECKOHEMHBIMH JeCATHYHBIMH ApoDAMH; APODH B
3TOM cayuae oGs3aTensHO ByAYT nepuoandeckumu. Ecaun apode 4 = a,, g,
d,...d, KOHeuHa  a,# 0, TO ee MOKHO NPeBPaTHTE B DECKOHEUHYIO 10NH-
CRIBAHHCM HYACH B CACAVIOLINX ACCATHUHBIX 3HAKaxX: A = ay, a) ay ... a, 000,
ONHAKO 3TO He PALHOHAIBHOS YHCHO A NPEACTABAMO H APYIoH Apobbio:
A=ay, a,ay..a, ;(a,)999.... Bonibexanue Takoil HCOAHOZHAYHOCTH
NOTOBOPHMCH HE MOILIOBATHCH BTOPLIM MPEeNCcTaABIEHHEM.

Tem caMpim Mexay MHOXKecTBOM R M MmHOXecTBOM BEeCKOHEYHBIX e~
CHATHMHBIX ApoDei YCTAHOBIEHO B3AMMHO OHO3HAYMHOE COOTBETCTRHE,

Kak cpaBHMUTb BelWleCcTBEeHHbIe Yucna?

Jns pellleCTREHHBIX YHCEN a = tay, a day...4a,... ¥ b=x b, 'E’I "’2 b"
NPABHIO CPABHEHHH BRINTHIHT CASAVIOIHM 00pazomM.

YUncna a ¥ b HA3LIBAWT pPagnbiMiy, CCIH OHH HMEIOT OJHHAKOBRIC 3HAKH
H CHPaBCUTHEA LSNOYEKS PABCHCTE

an=b0. a| =b|. ﬂ'2=b2. R | =h

" ot

Ecan umena a w b HEpaBHBL, TO:

— B CAYYAC HCOTPHUATEIEHBIX MHCE] ¢ U J NOCTYNAKDT TAK: HAXOAAT
uMecna a; M by B X NpeacTaBieHnax ¢ HAUMEHbIIHM HOMEpoM K,
A KOTOPOTO a;, = by, v cunTawT, uto g < b, ecama, < b, na> b,
ecan ag > by,

— B C/IyHae OTPHUATEIBHEIX YHCEN @ W b cunTaloT, uto g < b, ecnu |a| >
|B. ma = b, ecnn |al < || (3neck MooyieM |al BelleCTBEHHOTD MHCIA a
HA3BLIBAIOT YHCI0, TPeAcTaBHMoe TOI Xe DecKoHeuHOH Jeca THMHOM
ApoBBIO, MTO M MHCA0 ¢, HO BCErIa B3ATOH co 3HakoM +);
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— B CAVYHAE, KOTAA OAHO M3 MHCe] ¢ W b HEOTPHUATENBHO, a Apyroe
OTPULUATENBHO, CHHTAIOT, 4TO HEOTPHLATENLHOE YHCA0 DOoNblue
OTPHUATCIBHOTO,

Kakne mHOXeCcTBa BEeuweCTBEeHHbIX Yucen
Ha3bIBAWOT OrpaHU4YeHH bIiMWN?

MuoxecTso X K HASLIBACTCH 02PaHUHEHHBIM caepxy (COOTBETCTREHHO
CHUZY), eclu cyulecTeyeT uuciao M € R (cooTBeTCTBEHHO YMCIo m = R),
nna kotoporox = M ¥ x € X (cooTBeTcTBeHHO X = m 7 x & X).

MHOKECTBO, OIPAHHYEHHOS H CBEPXY, H CHHM3Y, HAZLIBAKT NPOCTO
SR EYHEHH M.

YUneno M (COOTBETCTBCHHO YMCNO M) HAIBIBACTCH SEPXHEN 2PaHb)
(COOTBETCTBE HHO NMuNchel epatbio) MHoxecTBa X, OTMETHM, MTO BEPXHHX
FDEIHEH Y OrpaHHYCcHHOTO CBEPXY MHOMXCCTRA CYIICSCTBRYET DecKOoHEYHO
MHOTO, TAK KdK B Ka4YCcCTBRE DEPK}IEH FPaHH MOXKHO BIHTE moboe yHcno,
bonbiiee M. AHANTOTHUYHOE 3aMeYaHHe MOXHO cIeflaTh H B OTHOLEHHH
HHAHHX IpaHell orpaHHYIeHHOTO CHH3Y MHOXKECTBA.

H3 akcHoMmbl ApxuMena, B YACTHOCTH, BEITEKAET, YTO MHOXKECTBO N
HATYPANBHBIX YMCET HE HEASETCH OIPAHHYEHHBIM CBEPXY.

YTO HA3LIBAKOT TOYHON BEPXHEW N TOYHOW HUXKHE R
rpaHaMm MHOXecTea?

Tak kak obbeIHHEHHE BCEX BEPXHMX rpaHell OrpaHHueHHOro cBepxy
MHOMeCTEA A caMO OrpaHMMeHo CHH3Y (HanpuMep, JT0bbiM 31 MEHTOM
X). TO ecTeCcTBEHHO NOCTABHTE BOMNPOC O CYUIECTEOBAHWH HAMMEHBILIE
(M No CBOCH CYTH HAMIYUILCH) BEPXHEH IPpaHM MHOXeCcTEa X,

,J:L.'I!-l t’lI'pﬂHH“ﬂHHUI'{,‘.ﬁ CHH3Y MHOKECTBEA XHHHJIUT'H‘{HU BOIHHEACT
Iiﬂllpﬂﬂ 0 Cylllﬂﬂ'l'litﬁliﬂHHH Hi]HE{}.'!hHIﬂ“ HHAHECH I'pHHIr‘I MHOMECTBA X

YHeAo X HABIBASTCH MOYHON eepxiell 2paibio OTPAHHYEHHOTO MHO-
#ecTna X, ecliv OHO ARJIASTCH ero HauMeHbIEeR BepxHell rpaHeIo, T, €.

1) ¥ — oaHa U3 BEpXHMUX rpaneii: x= X ¥x e X;

2) moboe BelIECTBEHHOE YHCIo X', MEHBIIee X, yKe He ABIseTCH
BepXHeil rpadeio: 3xe X x = x". OGo3HaueHue: X = sup X

AHANOTHYHO YHCII0 X HAIBIBACTCSH IMOMHON HUNCHE R 2paHbio OTPAHMWMEH -
HOro CHH3Y MHOKecTBa X, eclIM OHO ABIHESTCH ero HanboablIell HKHe il
rpaHbIY, T. e,

1) X — onHa H3 HHAEHHX FpaHei: xz x Vx e X
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2) nwoboe pellecTBEHHOE YHCI0 X', GoNbllee X, Ve He ABTASTCH HHMXK-
Hell rpadbiy: dx = X x < x'. OBozvauenue: x = inf X,

Bonpoc o cyuiectsosanny sup X n infl X He ABAHCTCH OUMCBHIAHBIM H
HCUCPITBIBAKOLLE PELIASTCH B CACAYIOUEM VTBEPAACHHUH,

Teopema 1. Vawbozo Henyemo2o 02paHuMeHRO20 CEEPXY [ COMMEE MCMEEHRD
OEPAHUYEHHOZ0 CHU3Y) MHOoNCecHea eerjecmeennnx wucea X cyuecmeyem
MOYHAA GEPXHAA (COOMBEMCIMEENNO MOYHAR HHNCHAR) epans.

Kak onpegennTs CyMMYy U NpoM3BegeHNe
BelwecTBEeHHbIX Yyncen?

INpaBuaa cAOMKEHNA M YMHOKCHHA BEUICCTBEHHBIX YHCE OCHOBAHE]
Ha caeaywuwem coobpaxenun, Ecan saMennTe craaapBacMee (Coor-
BETCTBEHHO YMHOMAEMbIE) BEIIECTBEHHBIE YHCIa UX PALHOHATBHBIMH
npuGaHKe HUAMH ¢ Gonblwoil TounocTeio!, To cymMma (cooTBeTcTBEHHO
NPOU3BEAEHHE) ITHX NPHOAHAEHHHA no/xHa © DONBWOH TOYHOCTBLIO
ANMNPOKCHMHPOBATE CYMMY (COOTBETCTBEHHO MPOU3BEICHWE) paccMar-
PUBACMBIX BEILECTBEHHBIX YHCE.

Cymumol wuced a, b € R HaselBaeTca Takoe uucio x € R, koTopoe
YAOBACTROPACT HEPABCHCTEAM

o+ P sx=a,+ By

IS MIODBIX PALHOHAT BHEIX WHCEN 0Ly, Oy, B, By, 118 KOTOPRIX BLIMOTHEHE
HEPABEHCTBA o) = @ = Oy, By = b= By

MOMHO JOKA3ATL, 4TO ONPEACICHHOS TAKHM 0Dpa3zoM uucio x =a + 6
BCETA CYLIECTBYETZ, M NPUTOM TOJNBKO OIHO.

Hpouzeedenuesm notoxcumeivumx wuces a, b & R HasblBaeTcs Takoe
Yucao x € R, koTopoe yI10BIETBOPAET HEPABEHCTBAM

o Bsxsas By
s N00BIX NONOKHTENBHBIX PALHOHANBHBIX YHCEN o), Oy, [, Bs, ana
KOTOPBIX BLIMOJHEHE! HEPABEHCTBA O < & = Oy, By = b < Ba.
Ipouseedenie BEMECTBEHHBIX Yitced Ai0foeo IHAKA ONIPENENACTCA M0
CHACAVIOUIEMY NPABHIY:

! A 370 coenaTe BOIMOXHO, TAK Kak 405 1i06oro uucia @ © R uaiinyTtes nsa
UHCNA oLy, Gy & {0, A KOTOPBIX O = 6 = Gly H Oy — o) = 107", npHYeM HATYPAT b-
HOE MHCI0 # MOMKET ObITh BBOPAHO CKOTL YTOOHO DOOBIIMM.

2 B kauecTBe X MOKHO B35ITh, HANPHMED, TOUHYIO BEPXHIOW IPiAHb OFPaHH-
HEHHOTO CRePNY MHOMecTRa o + [} |{1! = a, = bl

10
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DNa-0=0-a=0% ae R;

2y a-b=|a -|b, ecnin a, b = R nMeoT 0OMH 3HAK;

Na-b=—|a - |b, ccan g, b € R umewoT pasHslii 3HaK,

ToUuHO TAK Xe, KAK W IUTH CYMMBI, MOXHO JOKA3ATE, YTO ONPEASIeHHOE Ta-
KM 0BpasoM UMeIo X = a - b Beerna cymectsyer!,  npHTOM TONBKO 0IHO.

Kaknmun ceoincTteamn obnagawoT
BelwecTEeHHbIe Yyucna?

BeumecTreHHBIE YMCTa 0DNalalwT BeeMM 13 0CHOBHBIMM CBOHCTBAMM,
NEPEUHCIEHHBIMH BRILLIE ILTH PALHOHAIBHBIX 9YHce, C MX NOMO LB O -
HOZIHAYHO PEIIASTCH BONPOC 0 BREJACHHUM MOHATHIT PAZHOCTH H YACTHOTO
uucen g, b e R, Paanwocmeio wucea a, b = R vazsigaor yveno ¢ = R, ans
koToporo b + ¢ = a. Yacemuem wuces a, b € R (b = 0) Ha3sIBAOT YHCIO
d = R, nna koroporo b - d = a.

B yem zakniwo4yaeTcs akcMoMaTU4YEeCKMA MeTon
BEBEO0EeHWNA BelweCcCTBEeHHbLIX Yncen?

BemecTre HHEIC HHCTA MOKHO BBECTH KAK ODBEKTH MO0 NPHPOAL,
JTH KOTOPEIX YEAZAHE TTPABHIA CPABHEHHA, CHOOKEHHA H YMHOKCHHA,
VIOBIETBOPMIOUIHE 14 akcHoMaM, B KaYecTBe KoTopelX Gepyres 13 oc-
HOBHBIX CBOHCTE H AKCHOMA O NMOJHOTE, NMOCTYJIHPYIOWANA, UTO onpene-
NASMOE MHOMKECTBO HENB3A PACIIHPHTL 10 DoJiee WHPOKOTo MHOMXECTREA,
B KOTOPOM TAKXE OBUIH OBl CNIPABE/LIMERL |3 OCHOBHBIX CBOHCTE.

Creayer OTMETHTh, YTO €CJH OTKAIATLCHA OT NPABMIIA CPABHCHMWA M
CBHZAHHBIX ¢ HUM cBOMeTE 1, 1 1—13, TO MHOXKECTBO BELUICCTBEHHBIX MM -
CeJl ¥AaAeTCH PACIIHMPHTL 10 MHOMECTRA TaK HAZBIBACMBIX KOMMISKCHBIX
wucea C.

Kakve Tunbl MHOXECTE BeleCTBEeHHbIX Yyncen
HYacTO MCNONBL3YIOTCH B mMarematTuke?

B HasBaHMAX MHOMXKECTE BEHISCTBEHHBIX YHCE,T 11 HPOED HCTNTOWTRIYETCH
FreoMeTPHYEC KM A3LIK. B CHIAY BOIMOM HOCTH YCTAHOBHTE B3aWMHO OJOHO-
AHAYMHOE COOTRETCTBHE MEXAY MHOMKECTBOM R M MHOXECTBOM BCEX TOYMEK

! Hanpumep, nas nonoxutensHex a, b e Roa- b=sup foy - B |0 < oy = a,
0<p bl

11
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NPAMON THHWH 2JIeMEHTEI MTPOH3IBOJBHOTD MHOMECTBEA A BelleCcTBE HHBIX
YHCCN HAZLIBAKT Moy Eamii, 1 eCIH NMPH 2TOM CNPAaBSUTHBED HEPABEHCTBO
X < Xy (COOTBETCTREHHO x| > xz} MEHKAY YHCIAMM X |, Xy & R, TO rosopsT,
UTO TOMKA X JCKHT geqee (COOTBETCTBCHHO NMPABee) TOUKH X, Tepmu-
HOJMOrMH, OTHOCHILAACH K HAHDODIeE YacTo HCMOJB3VEMBIM MHOMCCTBAM
BELIECTBEHHBIX YHCEe, CONePKHUTCA B Caenviomeil Tabnuie,

MuoxecTRo Ha3zganue n oboInauecHne

xe Rla=x=b} Cezmenm |a. b) ¢ korpasu aw b;
MHB0Ee YHCHO X & < X < b Hadkl-
BACTCS &@HVINPENHENH TOMKOH 3TOro

CerMeHTa
{xe R|la=x<bnixe Rla<x=z b} floayceemenme [a, b) u (a, b|
IxeRla<x<h Humepaaa (a, b)

Jioboii HHTepBAn, COAePXRAWMI YMCca0 ¢ | OkpecmHocH s TOUKH ¢

Huteppan (¢ — €, ¢+ ), raee > 0 E-OKPECIHOCHTE TOUMKH ©

OOBCIMHEHHE HHTEPBANOB (¢ — E, ) H flpokoaoman €-0Kkpecmiocms

(c,c+eE),rnee >0 TOYKH ¢
MuomecTeo R BCEX BEIICC TECH HBIX Hucaoean (Oeckonedtan) npamMas
HHCE (=, @)

{xe R|lxzatni{xec R|x= b floaynpawse [a, =) w (—=, b
jxe Rlx>atunixe R|lx< i Ohmkpeimbie noayupamsie (a, o)

u (—oo, b)
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I'naBa 2. CucremMbl KOOpAMHAT
U MX NpocTeine NPUMeHeHUs

Maea 2. CnctemMmbl KoopanHarT
M X NnpocTevume npuMeHeHus

Y710 HA3LIBAKOT OCbLIO?

Ocbio HAZBIBAIOT JOOVI0 NPAMYIO JTHHHIO ¢ YKA3aHHBIM Ha Hel Ha-
NnpapicHWEM.

Y10 Takoe HanpaBneHHbIA OTPEe30K Ha OCH
M ero BenuiuHa’?

OT]JE'.'MK Hil OCH HAZBIBACTCH HanpaaidedibiM, €CJTH VEKAZAHD, KakKad 13 ero
FrPAHHYHBIX TOMCK ABMACTCH HAYanoM H Kakad — KOHLUOM. Hi'lll]:lilll']CHHbln
OTPE30K C HAMAIOM B TOMKE A H KOHLOM B TOUKE B obo3HavaeTcs CHMBOIOM
-AE PEICL'MH'I'I'.IH]iill[]TUSI TAKKE HYIeEE HANTPABIICHHBIC OTPE3IKH, T. €, TE, ¥
KOTOPLIX HAYTATO H KOHEL COBMadikoT. Beatwwtinol HAMPABJISCHHOIMD OTPe3Ka
A.é HA3BIBACTCH ¢ro [UTHHA | Aé |.. B3SITASN CO IHAKOM «+», ¢CJIH Ero Harnpas-
JEHHE COBIMAIAET C HanpapilcHHeM OCH, H CO IHAKOM ¢=—2 — R TIDOTHREHOM
cayHac. Beanwunne Beex HYJIEBBIX HATIDARTCHHLIX OTPEIKOB Ha OCH CHHTAKYTCH
PABHEBIME HYJTIO,

Kakune HanpaeneHHbIe OTPpe3Ku
Ha3bIBAKOT PaBHbIMW?

l,[',Ilic':l HEHYJICBBRIX HATTPABICHHBIX L}'['Pﬁ.‘:lKH HAZBIBAIDTCH Doanbiw, CCITH COR-
MaIaT HX JIUVTHHBL H HX HATIPABJICHH A, Tiobeie nBa HYJICBBIX HATIPABICHHBIX
OTpe3Kda CHHTAKTCH PABHBIMHA. OTMeTHM, HTO PABCHCTBO HANMPABRICHHBIX
OTPEIKOR HE OIHAYACT HX COBMANCHHA, a HeODXOIMMBIM M IOCTATOMHEIM
YCINOBHEM PABCHCTEA HANMPABICHHBIX OTPCIKOB Ha OCH ABRTACTCH RIBCHCTBO
BCIHYMHH 3THX OTPC3KOB.

Kakwe onepauum Hag HanpaeneHHbIMKX OTPpe3KamMn
Ha3bIBAKOT NUHEWHLIMWT?
_nHI!Ui:II{h[.HH {}!IC[}EIIII‘E!-IMH H&a1 i!‘.lrlpﬁii.‘-ll.:l{!il:.]MH {‘J']'[}UZiK:lMH Ha3iki=

BAKOT ONCPAaLMKD CNOMEHHA TAKHX OTPC3IKOB H ONCPALHID VMHOMCHHSA
HATPAaBIEHHOID OTPpe3IKa Ha YHCO.

13
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Jln HaxosaIeHus cyamel kanpaetennsx ompezcos AB n CD peobxonnmo
COBRMECTHTE Havano O BToporo OTPE3Ka ¢ KOHLIOM £ Nepporo oTpeika — Torma

HANPABTEHHLI I OTPE30K AD cunraercs CYMMOH AB +CD (puc. 2.1).

C D
R S Y L R R e = T S =
A B D A " C
Puc. 2.1 Puc. 2.2

ffpﬂ!’!:iﬁ'rl’_‘(jfﬂul’.’.-“ AN AR CHROS0 OF e33R0 AB Ha uMCHO o HAZBIBACTCH
HANpaBJIeHHBI 0TPE30K, 0603Hauae MBI o - AB, 11MHa KOTOPOro paBHa
|l - |H| W Hanpasaedue Koroporo! cosnanaer ¢ HanpasieHuem AB
npH o > 0 M NPOTHBONOIOXHO eMy nipu o < 0 (Ha pue, 2.2: AC =3- AB
u AD = _1-AB),

OueBHIHO, UTO BEIHMHHA CYMMBI HAMPABICHHBIX OTPE3IKOB HA OCH
paBHa CYMME MX BETMYHMH, a BEJNUHMHA NMPOM3BEIcHHA o - AR paBHa
MPOHIBCACHHWID O HA BCIIHYHHY A.B_

Kak BeoaATCA AeKapTOBblI KOOPAWUHATHI
Ha npaAMoiA?

l'u E!-l'}pHT, T M rl'pﬂ.ﬂr()f.‘ IAjaHa (jt’.ﬁ?ﬂp!ﬂ:’]ﬂ'ﬂ CHcmemMa Kﬂﬂp..ll.l"lHE:'l.'l', eCnH
Ha 3TOH NPAMOI BHGPaHO HanNpaeaeHHe (1. €. 0Ha ABJIAETCA OCBIO ), HEKO-
Topas Touka O (Haualo KOOpAMHAT) M YKA3aHa eIHMHWLA MaciuTada, T. €.
VEA3aH KaKoii-1ubo 0Tpe30k, [IWIMHA KOTOporo cudTaeTcs pasHoil 1. B atom
cayuae dexapmoaol Koopdunamoii Toukn M Ha npsaMoil ByaeM HA3BIBATE

BEJIHYHHY HATIPABIEHHOTo OTpe3ka OM w obo3HavaTk ee M(x).

Kak HainT™v BENMYNHY N ANMHY 3a4aHHOMO
HanpaeneHHOro oTpes3ka Ha ocu?

Ecnm u3aBecTHB KOOPAHHATEI HAMATA Ml M KOHLLA M2 HATPABIEHHOTO

oTpeska MM, : Ml{xlj M Mz[xj;l. TO Er0 BEJIMMHHA PABHA X, — X |, 4 €T0
LIHHA paBHa [x; — x|

I'B cayuae, korma o= 0 wan A = B, nponsseachne o AR asaseres Hyaespim
HANPABICHHEIM OTPEIKOM M ero HANpaBicHWe He TpedyeT OnpeaeicHi,

12
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Kak BBOAATCA AeKapTOBLI NPAMOYrofibHbIE
KOOpPAMHATLI HA NAOCKOCTU U B NPOCTPAaHCTEBE?

Jpe neprneHIHKVIAPHBIE OCH HA MJIOCKOCTH ¢ o0IIMM HavanoMm O u
OIHHAKOBOH MacwTabHol eananueii (puc. 2.3) obpazvior dexkapmosgy
RPAMOVZOILH VIO cucmemy Koopdunam wa naockocmu, Tpy nonapHo nep-
MeHIHKYIAPHBIE OCH B MPOCTPaAHCTRE ¢ oDUIHM HavanoM O W 0THHAKOBOH
MacluTabHOH enuHHUel (puc. 2.4) oDpasvioT dexapmogy HPAMOVEad bHY IO
cucmemMy Keopdunant & npocmpancmeae.

¥

A s T

=y

i
o M,

Puc. 2.3 Puc. 2.4

Ha niockocTH oiHY W3 0cel Ha3bIBAKT ocbio OX, HAKW ocbio aficiitce,
a BTOpYI0 — oceio Oy, MK ocelo opdutam. B npocTpancTee K ocam abc-
unce Ox u opanHat Oy n0DARTAETCH elle TPETLHA 0Ch — ock 07, WIH ock
CRNALWKan.

[na vaxoxnenns KoopauHat Toukd M Ha nuockocTH HeobXoauMo
NOCTPOUThL npoekunn M, n M, 5T0ii Toukn Ha ocH Ox 1 Oy COOTBETCT-

BCHHO, TOrId BEJIHMHHBL X H ¥ HATNPABICHHBIX OTPE3IKOB (J_ﬂ-f‘,‘ H 'L'j_}"t
COOTBETCTREHHO OYAYT HA3LIBATHCA de.-mpmoeumu HPAMOYVSO0AbH MU KO-
opdunamamu mouky M Ha nnockocTH: M (x, ¥), NIpH 3TOM KOOpPIHHATA X
HazbBaACTCH afcyuccol Toukn M, a kKoopaunarTa y — e¢ opdunamoi.
AHATOTHYHO B NPOCTPAHCTES — HEOGXOANMO NOCTPONTE Npoekumnu M,
M on M toukn Muaock Ox, Oyu Oz COOTBETCTBCHHO, TOI/A BEJAHYHHBI

X, ¥ M Z HanpaBieHHbIX oTpeskos OM ,, OM, u OM, coorsercTBeHHO
OVAYT HAZBIBATLCA DCKapmossiMi HPAMOVEOIbHBMU KOOPOUHamamu moy-
xu M B npoctpanctee: Mx, y, 2), N1PH 3TOM KOOPAHHATE! X, ¥, ZTOUKH M
HA3BIBAIOTCH COOTRETCTBEHHO €€ gicyuccol, opdunamoil 1 anniuKamoi,

D"I'!d CTHM, 4TD HANPARICHHBIC OTPC3KH MOXKHO DACCMATPHEATE HE TV L=
KO Ha OCH, HO HA MJIOCKOCTH M B MPOCTPAHCTRE,

15
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Kak HaiiTu paccTosHue mMexay ToYKamMm
Ha NNOCKOCTHM M B NPOCTPaHcTEE?

Ecan Toukn M; u M, 3ananel CBOMMH KOOPAMHATAMH B AEKAPTOBROI
NMPAMOYTOJIbBHOH CHCTEME KOOPAHHAT Ha MJIOCKOCTH WM B NPOCTPAHCT-
B2, T0 paccroanue p(M . M,) MexLy HUMK BRIMUCASETCA N0 OAHOH N3
ropMyn:

— Ha MIOCKOCTH

PMy, M3)=1(x; — %5)2 +(3y — 32)?

ang rouex My (x, v My (x5, y,);
— B NPOCTPAHCTBE

plM |, M4 )= \/{IL—IQIE +{ _.Vz}z +(g) _12}2

ans rouek My (xp, v, 7)) u My (x5, ¥y, ).

Kak HalTW KooOpAWMHaTBL! TOYKW, Aenawei
3anaHHbIN OTPE30K B USBECTHOM OTHOLWEHUN?

[lycTe B NpoCcTpaHCTBE 3alaHbl ABE pasiHYHble TOUKH M| u M,, n
PACCMOTPHM HA NPAMOH, NPOXOASUICH Yepes 3TH TOUKH, MO0V Tou-
EY M, (‘.I'!'J[!-‘I‘IH}"H} orT Mz. T(}I'_II_H. Mo l, C][Ipl:jll:J]H{:M{}l: H3 COOTHOILICH A
MM = A MM,, HA3BIBACTCH OMHOWERNEM, B KOTOPOM mouka M deaum

wanpaenennsiii ompezor M M,. W3 storo onpegeneHus BLITEKAET, U4TO
YHCAO A MOMKET OBITh TKOObLIM BCUICCTBEHHBLIM “THCTOM, OTAHYHBIM OT —1
(puc. 2.5).

Ecny M3BecTHB JCKAPTOBL NPAMOYIOABHBIC KOOPJAHHATE TOUCK
MI {.‘rl, Y1 z]) 7] M}. {;1'3, Y2, zz},‘rn KOOPAUHATE (X, ¥, ) Touku M neneHus

HANPABICHHOIO OTpe3Ka M|M3 ONMPpeacnaAnTCd pABCHCTBAMHM

=Xt An _ N+ _yt+Azy
{of l+x 7 £ °
M, M,
—1<A<0 =0 0< A A<=1

Puc. 2.5. CTPI’.’HKHM H VEAIAHO MOJOKEHHE TOMKH NPH JaHHOM HAMEeHUH A

16
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Kak BeOogsTCH NONApHbIEe KOOPOAWHATDbI
HAa NNocKocTn?

Touka O nAoCKOCTH (MOMKOC), BLIXOIAIIMNA H3 Hee avy Ox ¥ 3amaH-
Has MacTabHan elIHHHLA OBPAIVIOT HOAAPHYVIO CHCMEMY Koopdunam Ha
niockKocTH (puc, 2.6),

Jns HAXORAEHHA MOAAPHBIX KOOPAHHAT
TouKH M Ha MI0CKOCTH HEODXOIHMO MPOBECTH
ayu OM w3 nonwoca O) Toraa YMeIo p, pas-
HOC JJIMHE L)TPI.:IS-KH UM, H YHCII0 (.P, PHIiHl]C
V1Y, HE KOTOPBIH HYAKHO NOBCPHYTE NMPOTHE
HACOBOI CTPENKH Avy Ox 10 COBMELIEHWS C
nyuom OM, OvayT HAILIBATECH HOARPHBME

Puc. 2.6 woopdunamamu’ Toukn M M(p, ). [Tpn aTom
P HAIBIBASTCH NOTAPHNM PAdUyeoM, a p — Hao-
JAAPHBIM V210M.

OueBUAHO, MTO NOAAPHLIE KOOPAWHATEL {p, ¢p) Touku M M ee gekapTo-
BBl MPAMOYTOABHEIE KOOPIHHATEL (X, ¥) (MPH YCIOBHM, YTO MOCAEIHAN
CHCTEeMA KU(‘.ID_!IHHHT cornacopaHa II(‘.IJ'[!-IPH(‘.IF[. KAK 2TO NOKaszaHo Ha
pHec. 2.6) cBA3AHB PABCHCTBAMH

X=p-cosgp, V=po-osing.

=

8

Kak BBOAATCH UMNUHAPUYECKHME KOOPAWMHATLI
B NPOCTpPaHcTBEe?

MycTe B npocTpaHCTRE 33AHA NJIOCKOCTR [,
Ha HEH — TouKa O'W BRIXOAHUWIHHA H3 Hee nyya Ox,
PaccMmoTrpum, KpoMe TOTo, OCh (7, BRIXOIALLYVID
H3 TOUMKH () NepneHIHKyIApHO naockocTH ]
{puc. 2.7).

,Ele HaXoAJIeH A I.'I.PL'I]rII-Ij.I,pI"["-!L‘.CKI"!K KﬂﬂpﬂHHH’]'
TouKH M B NIpocTpaHCeTEe HEOBXOAHMO HAHTH Npo-
" EKUMID NV 3T0H TOUKH Ha IUIOCKOCT | | M NPoeKLHID

Puc. 2.7 Mz Toukn M ua oce Oz Toroa wuaundpuseckumu
Koopduramamu TOMEN M HAa3sIBACTCH TROHKA MHoe
(P, g, 2}, BROTOPOH (P, ) — NOJSPHBLIE KOOPAH-

LY
=

1 Ecam touka M cornanaeT ¢ nomwcom O, To P= 0,a Yrom p CHHMTACTCH HeOI =
PeldcACHHbBIM.

17
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HATH TOYKH NV B ruiockocT [ [ oTHOCHTENBHO TToNIoca O M NoagapHoil ocH
Cx, a YHCIO £ — BEJIHYMHHA OTPe3Ka (TMT Ha ocH Oz,

Ecau nekaprosa NpaMoyrolibHas cHeTema KOOPJAHHAT B MPOCTPAHCTRE
COrnacopaHa c LlPi.ﬂI'IH,LlleICCKﬂﬁ CHCTEMODI KOOPIHHAT, KAK 3TO NOKAZAHO
Ha pHC, 2?1 TO HMEKIT MECTO COOTHOLUEHHMWH?

AX=p-cosg, y=p-'sing, =2z

Kak BeogaTtca chepuyeckmne KoopauHaThl
B npocTpaHcTee?

I }"C'I'h- B I F{'}C'I'pﬂl—lﬂ'l'llﬂ FanadHa ae KHITI'[) Ba Ilpil M{'}yI'ﬂJ[hHHSI cCHCTEeMA
koopauHat Chopz. [is HaxoxaeHus ciepu-
YECKHX KOOPAMHAT TOMKH M B npocTpaHcT-
BE HEOOXOMHMO HAlTH e npoekuHe N Ha
KOOPIHHATHYIO NJoCKoCTs Oxy (pue. 2.8).
Torna ehepreck s Koopdunamani TOMKW
M HasmpaeTcs Tpoiika umcen (p, ¢. 8), B
KoTOpoii p — paccrosanue ot M oo O, 6 —
YIoJl, KOTOpLIH 0DpasveT HanparieHHbIi
orpesok OM c oceio 0z, a ¢ — Yroia, Ha
KOTOPLII HYKHO MMOBEPHYTH TPOTHE Yac0-
BOWH CTPENKH (€CNTH CMOTPETE CO CTOPOHBI
NOJACHUTENBHOID HanpapieHusa ocH 07)
ock Ox no copmelnenus ¢ ayaom ON, Yucna O u o HASBIBAIOT WUpomoi v
donzomoii Toukn M cooTeetcTBeHHO !,

JekapToBbl NPAMOYIOIbBHEE KOOPAWHATEI (X, ¥, £) TOUKH M u ee cdpepu-
YeCKHE KOOPIHHATE (P, ¢, ) CBAZAHE COOTHOLIEHMAMHK: X = p * sinfcosg,
y=p-sin0sing, = p - cosd.

Y10 Takoe KOMNNeKcHbIe yucna
M KaK onpeaensaTca anrebpavyeckue onepaumm
Hag HUMK?

KosmnaekcHum yCA0M HAZBIBAIOT YIOPAAOHEHHYIO napy (X, V) BellecT-
BCHHBIX YHCECT, I!E]ﬁlim M3 Kﬂ'l'ﬁpbixxHt'l'_H:IHHE'I'CSI E}EI}CHJ'!?H!HEJ!&H(H? HaCI BN,
a4 BTOPOES ¥ — MHEMON Haom b0 2TOro KoMIeKeHoro unena. Menoaeayviores
cleaviowme obosHadeHun: ccin 2= (x, v), Tox = Regz, y=1Imz

| Ecnu touka M comnanaet ¢ mavanom (2, To p = 0, a wupota & u nonrora ¢
CHMTARTCH HEOMPEACTECH HbIMH,

16
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JlBa KOMMNEKCHBIX YMcaa 2, = (x|, ¥;) M Z3 = (X3, ¥5) HA3LIBAOTCH
Paghbimid, €ClTH OJHOBPEMEHHO )C'I = )C'z H yl = }'2.

Mpasuia CAOKEHHI W YMHOMKCHHSS KOMIUICKCHBIX YHCEN BBOJNTCH
CNEAYIIIHM 0DpasoM,

Cymmod KOMIUIEKCHBIX YHCE = {'.rl, yll H = {.rz, yz} HAIOBEM
KOMITJIEKCHOE HHCTO

o [-T| + R + _]-"2},
Hpouzeedenuem KOMIUIEKCHBIX YHCEN = (xl, yl:l W= {xz, _yz} Ha-

F0OBCM KOMIINCKCHOS YHMCTO

2= (X)X = Y3, X Yo + X))

Kakumwn ocHOBHbIMW cBOcTBamMmu oGnapatoT
KOMMMEeKCHblIe Ynucna?

KomnackcHbie yncia obDAajamnT NepeurcieHHbBIMHK Bhitne {(cMm. 1. 1)
cBoiieTBamMu 2— 10 pauMoOHANBHBIX (M BEWECTBEHHBIX) YHCEA, NIPH 3TOM
POJib HYIH B CBOMCTBE 4 MrpaeT KoMnaekcHoe yneno (0, 0), poib npo-
THRONOMOXKHOIG K YMeay 2 = (X, ¥) B cBOHCTRE 5 urpaer uucio 3 = (—x,
_}"}. B POJOH COAMHHLEL B cBOHCTRE 8 BEICTYITACT KOMITJICKCHOC YHCIO
(1, 0), a 0GpaTHBIM K HEHYJIEBOMY KOMIVICKCHOMY YHCAY £ = (X, V) fiB-
JASTCH YHCIIO

¢

| x =¥
z i A
Kak H3BeCcTHO, YKa3aHHBIE CBOICTBA MOJHOCTHIO PELIAT BOMPOC O BhI-
YUTAHHH KOMIUIEKCHBIX YHCe] (KaK O JcHcTBUM, 00PAaTHOM MX CHOMCHHIO)
MO AEACHHH 3THX YMcel (KAaK O JeHCTBHH, 0DPATHOM MX YMHOXKEHHID).
Mpwu 3rom, ecnn = {xl, _v]} U= (xz, yz}, TO
==X =Xy — ¥

u B cayuae ;= (0, 0)

A _|[ XX thy XN X

- L]
<2 X3 +y3 x} +y2

B MuoxecTBe C KOMIJIEKCHBIX YHCEN MOMKHO BLUISAHTE MOJAMHO-
HecTBo Beex nap euaa (x, 0), x € R, KoTOpoe MOXKHO omoxcdecmaums
¢ muoxcecmeon R sewecmaennmx vuces no npasuny x = (x, 0). Takoe
OTORACCTRACHHE KOPPEKTHO, TAK KAK B NPHMCHCHHUH K 3THM rnapam

19
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npapuna cnoXKeHHA H VMHOXKEHHA KOMIUVIEKCHBIX THCEN NPHBOOAT K TEM
e pe3viaeTaTaM, UTO M HIBECTHERIC NMpaBHaa CHOXKCHHA M YMHOMXCHHMA
BCUICCTBCHHBIX WHCCT.

Y10 Ha3bIBaeTca anredpavyeckoin popmoin
3anMcu KOMnNNekKcHoro Yncna?

Jost mapen (0,1) MCNOAB3YETCs OTACBHOE 0DO3HAUCHHE | M CNECLHAIBHBIA
TEPMHH — Mmunuman eduntiiea. C YMETOM VEKASAHHOTO BbILIE OTOXACCTRIE-
HMS YACTH MHOMECTBA KOMIUICKCHBIX YHCEN ¢ BEIECTREHHBIMI Noboe
KOMITJICKCHOS YHCI0 £ = (X, ¥) MOXKHO NPEICTABHTE B BUIE

z=(x, 0+ (y,0)- (0, 1)=x +iy,

KOTOPBIH HASLBAIOT qAefpauyeckaoil fhapmol 3anici KOMIUIE KCHOTO YHC-
Ja Z.

B yem cocTouT onepauvy CONnpAaAXeHWA KOMNNeKCHbIX
Yyucen M KakMmMmin cBOMCcTEamMmn oHa obnagaer?

KosmninekcHoe uMeno I = (x, —y) HA3LIBAIOT CONPANCEHHBIM K YUC-
ay z = (x, ¥y) = x + iy. Onepauus conpsaxedus obnanaeT cneayouHMu
CBOHCTBAMM.

1.{Z)=12z

2.ze R T =1z
I gtn=gq+iny-—=3 0

T - — e
4. "7y = araz:[,—']- VELT

42

S.z2r 7 eRVze C.

Kak n306paxawTca KOMNNeKCcHbIe Yyucna?

KoumnnexkcHoe yucno z= (x, ¥) HiobpaxaeTcd Toukoi M ¢ KoopIHHATAMH
{x, ¥) B HEKOTOPOH NeKapTOBOH NPAMOYIONBHON CHCTEMe KoopaHHaT Oxy.
IMpy aToMm Ha 0CcH ADCLIMCC PACTIOVICHKEHE] BELLIECTBEHHBIE MHca (x, (0); n3-3a
Yook Dx HALIBANT e Ch GLIR e ok OO0, HA OCH L'!Ir}jj,]-i HAaT pHUII{’lJIL’DH G-

18
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Hbl ducaa (0, ¥) = iy, u3-3a vero ock Oy HA3BLIBAKOT MHLModl ocbio. [TnocKocTh
KOOPAHHAT OXx) B 3TOM CAVUAE HAIBIBAIOT KOMMISKCHON RADCKOCH B0,

]'I [}EIHHJIQ CIAOHCHHA KOMIUVICKCHBIX “THCE _II,(,)[I}I'C.KH{;T II[JUCT}-'I(,) reosMeT-
pH'lil:{J KV HHT{:pIIrM:'I'EIllH KD L‘,}’M Md L = zl L (':2 ABYX KOMIVICKCHBIX YHCE
L= {xi, y|) HZ;= {xz, yz} HA KOMIUICKCHOH IJIDCKOCTH H30DpaxaeTcs Tou-
Kol M, apnamoieica KOHIOM HANPABTEHHOND OTPe3Ka OM = DMT + fﬁ:-ﬁ;
rioe Touku M, n Mz HIODPAXKAIOT YHCIA 2, H I, COOTBETCTBEHHO,

OTMETHM TAK®E, MTO B PE3VIETATE NPHMEHEHHA ONePaLl MK CONPAaReHHA
K MHCHy £ = (x, ) u3obpaxaolias ero Touka M nepexoiamT B CHMMEeTPHY -
HYI) OTHOCHTEIBHO AeHcTBHTENbHOH ocH OX TOMKY.

Y10 Ha3biBaeTCcH TPUINroOHOMeTpu4YeckKkoin popmMmoii
3annucu KomMnnekKcHoro Yuvcna?

Ecan (p, ¢) — 2T0 NOMAPHBIC KOOPAHHATE H300PaXaiUeld YHcio
z = (x, y) Toukn M, To oT anrcdpanueckoil popmMel 3anHcH 7 = x + iy
MOBHO NMEpeiiTH K paBEeHCTBY

z= plcosgp + ising),

KOTOPOC HASBIBACTCH .ﬁl'!pH.?()HI’J.H'EJ'NFHHECFHH.‘I ff)r)ﬂ.'lfﬂﬁ Januci KOMIUICKCHOMD
uncna z. NoaapHetil paguye p B 370 hopMyie HaswBaeTea modyaen | z|,
a MoJMAPHBIH Yrod ¢ — apeyMesmom arg £ Yicia z.

O0pMHO cUMTACTCA, YTO Arg 2 = (—%, T], M B ITOM CIYUAE HABIBAIOT
IHAUCHHE apryMeHTa eqganmm. Beo GecKoneunylo coBOKYNHOCTE 3Ha-
yeHMit yrna ¢ =arg z + 2nk, k € Z, oBoanavawoT Arg z.

Kak MOXHO MCNonb30BaTh TPUFOHOMETPHUYECKYIO
dopmMy 3anNUcCKH NPpU YMHOXEHUWU U AeNeHUn
KOMMMEKCHbLIX Yyncen?

IMpH YMHOKEHHH ABYX KOMIJIEKCHBIX UHcen 2, = p, * (cosq, + ising,)
M 23 = Py * (COSpy + i8ing,) UX MOIYAH NEPEMHONKAITCA, A APrYMEHTH
CKIANBIBAKTCH!

{225 = (pyp, [cos(ep + Py ) +isin(p + @51},
I'lpu JACACHHH UX MOOYJIW JCTATCH, 8 apryMCecHTE BEIYMHTAMKOTCH
Nl

p
—=—L[cos(py — ;) +isin(p) — 5]
2 I:"1
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CHecTeMb KOOPDIMHHAT M WX rl]',lDC'I'f,.‘“IIIHC NMPHMEHCHMS 19

M3 3Tix 1BYyX cBOICTE, B MaCTHOCTH, BRITEKAET TAK HalblBaeMmasd ghop-
smyvaa Myvaspa

{cosgp + ising)"” = cos(np) +isinag),

B KOTOPOH # — moboe ueioe YHMcio.

Kak nzpnexkaercs KOpeHbs CTENEHW N
M3 KOMMNNEeKCHOro Yyucna?

Hagaews xopens cmenenu i (n = 2) naumncaa 2 € C— 3HAYUT HaliTH BCe
PelICHUA YpaBHeHHA w' = g,
Mas 31oro HEODXOAMMO 3ANUCATE 3A0AHHOE YUC/I0 £ B TPHIOHOMET-
pHHMecKOii hopme:
z=p - (cosgp + ising)
H HCKATh PQUII:HI"HI W ATOrD }"r]'aliHCHHH TAKKC B 'l'plfiI'ﬂHt}ME'I'pH‘ICGKL}ﬁ
popme
w=r-(cosy + isiny).
Torna HCKOMBIE MOIYJIbL FH APIYMEHT W YHCIa W IO HB YIOBIETRO-
PATHE CODTHOLUEHHUAM:

r’ =p. cosmy =cosg; sinmy=sing,

Mosromy
+ Imk
r=%9p; 1p=%: ke Z

Mpu z= 0 cpean NonyuHBIIKUXCH TAKHM 0DpazomM peuieHnii

+ 2k 5 +2nk
i _J.S[‘F’—+‘P—]

HMEETCH TOJBKO 7 PA3IHYHBIN KOMIUIEKCHBIX YHCE, M TEM CaMbIM J0-
CTATOUHO B3ATh 3HAUYeHua k=0, 1, ..., n — 1.

OTMeTHM, YTO YKa3aHHEIE # PEIUeHHH YpaBHeHHA w' = 21 wy, wi....,
W, | MMEKIT OIHHAKOBEIE MOAYJIH, @ HX apryMeHTH 00pasyior apudme-
THUECKYIO MPOTPECCHID ¢ PAIHOCTRIO 27/ n. [To3ToMY HA KOMIUIEKCHON
MAOCKOCTH 3TH YHCIA PACTONOKEHB! B BEPUIHHAX HEKOTOPOTO NPaBH/ib=

HOTO N-YTIOABLHHKA, BIIMCAHHOTO B OKPYXKHOCTB | w|= Ifp.
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I'naBa 3. Onpeneaurtein 1 CHCTEMbI JUHEHHBIX YPABHEHHUH

Maea 3. Onpepnpenutrenun
N CUCTEeMbI IMHENHbLIX YPABHEHUN

Y70 Ha3eIBAOT KBAaApPaTHOWM MmaTpuuen?
Mampuuell pazsmepa m = B HA3EIBAOT NPAMOVIOABHYIO TADMHILY H3 UM -
CeJl, COMePAKALLYIY M CTPOK H # cronbuoe. Ecnou e MATPHIE YHCIO CTPOK

COBIMAMACT ¢ YMCAOM CTONDUOB, TO MATPHIY HA3ZBIBAKT FC!!'{.I‘[}.J’J{HHHOE{.
Yucna, BXOA8UIHE B COCTAB ME!.'IT:II"IJ.I,b\!, HA3BIBAKYT & 20CMEHNAaMI.

YTo Ha3BIBAOT ONpegenuTenem BToOporo nopsgka?

()Hj}(.‘dﬂ'} WIEReM amapaao naps g HABBIBAIOT YHCI0, KOTOPROS CONOCTAR-

4]
nseTCH KBAAPATHON MaTpuue 2 = 2 no npasuny L by — aaby.
15 b
a B = r
Oboznavenne: .
az 1’]2

Saemenmamu ﬂ”ﬂt"{jl’.".-‘]’h‘ﬂ!E'.-'.I‘.F.I' GOS0 H'Uﬂﬂ'(jxﬂ ODBIYMHO HA3BIBAIOT 2J1¢-
MEHTEI €ro MaTpPHILLL,

OyeBHIOHO, 4TO ONnpencainuTe/I: BTOPOrO NOpHAKa paaen Qe TOroa 1
TOJILKO TOTA:A, KOTLa 2EMEHTH €0 CTPOK (MM COOTRETCTEEHHO MEMEHTEI
€ro cToJADUOR) NPoNopLUHOHANBHEL.

Kak MOXHO MCnonb30BaTh onpeaennTesnn BTOPoOro
nopaagka ana 1ccneoeaHa 1 OTeICKaHWMA
peweHuin cucTemMbl ABYX NMUHENHbLIX YPaBHEHWA
C ABYMSA HEW3BECTHLIMK?

Pacc MOTPpHM CHCTEMY

[ayx+ by =Hh,
lag.r-—bz_v =y,

21
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B KoTopoil kKoadduunenTsl ay, b, ay. by U cBoDoOHBIE uneHBl fi, /4
CUHTAIOTCH 3aTaHHBIMH. BRenesm cleayioiiue TPH ONpeaeinTed BTOPOro

MOpHaAKa:
ﬂ'l

b
m b

ﬂ'l h]
A= N »= .
[ L] r‘!z

b1| —_—
bz‘ -

1. Ecnm onpenenuTenk CHCTEMEBL A OTIHYEH OT HYAH, TO €IHHCTBEHHOE

PELICHHE CHCTEMBI ONpeaenaeTcd no dopMyaam:
M 4,
Xx=—3, p=——,

A A
HazLIBaeMBEIM ghopymvaanu Kpavepa,

2. Ecnu onpeienuTe/lb CHCTEMBL A PABEH HYJHD, TO MOMET Npeicra-
BUTBCH TOJIBKO ABE BOIMOMHOCTH:

a) oba onpexenuTensa A, M &‘., PABHBI HYIIO, TOMAA CHCTEMA MMEET
DECKOHEYHO MHOTO pﬂui{:ﬂhﬂl;

0) oba onpeaennTens "'J"'.r M A, OTJIHYHB OT HYJIS, TOIA CHCTEMA HE HMEET
pelIcHAI.

Crnenyver OTMETHTE., UTO odropodias cicmema

I[a,x+b|y =0,
g+ by =0
(B Heit by = h, = () Bcerna MMeeT TPHBHANBHOE pellenne x = 0, y = 0,

H MNOTOMY PABEHCTBEO HYIIIO OMPeaeiUTeNns 3ToH cHCTeMEBl PARHOCHIEHO
HAJTHYMHKD ¥ HEC HETPHBHAINBHOTO PEIHCHHMWA.

Y10 Ha3bIBAKOT oNpeaenuTenem
TpeTbero nopsapka?

UH’F["E}E.-'HHHE.-TE.H P be s Hﬂpﬂfjxﬂ HAIBIBAKT YHCIO, KOTOPOC COMmo-
CTABMACTCH KBAAPATHON MaTpuue 3 « 3 no npasuiy

a b g
@y by oy | rabey +hoyay +oja by — obyay — Bayey —ajey by,
a by oo

I Bee a1 pemerns o pasyior mapsl (X, ¥ VAOBACTBOPAIOWME, HANPUMEP,
NEPBOMY YPABHCHHID CHCTEMEL.
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Obo3HaveHHE!

a b g
@ b ol
ay by o

Kak u s onpeaeiuTels BTOPOoro NOpPsAKa, AJeMEHThl MATPHLBL OIpe-
JCIHTENA TPeTHETD NOPAAKA HAIBIBAIOT CI0 21eMetmami. DIeMeHThI ap, bz,
€5 HA3BIBAIOT 2AaaHON dRasoRaIbio, 4 MCMEHTBI dy, "52' ) — HOoU O

.-I].-”H ZAMOMHHAHHA BRI DAKCHWA ONMPEIeTHTENH TPETEETD NOPHIKA Yeped
Cro 2JeMEHTE HCIMOJTEIVETCH CHNCAVIOIIES TTPABHITO, B MATPWILS

aq b q a 'bl
ay by ey ay T by
ay. by e’y by

MPOM3IBEIEHHHA TROEK WIEMEHTOR, COSNMHHEHHBIX CTUIOITHON YePToH, BXOIAT
B BLIPAKEHHE IUTH ONPeLe/IHTENA CO 3HAKOM «+», a4 NPpOH3BedeHHA TPOEK
DNCMECHTOR, COCAMHCHHBIX [IyHK'I'HpHﬂH "-!Cp'l'ﬁﬁ, — CO 3HAKOM a—n_

Kakumwu OCHOBHbBIMW cBOWCTEBamMu oBnapawoT
onpeaenutTenn?

Uflpl:,'lc,]] HTEIH 'rp:.:’rh{:ru "Upﬂ_l'll(2'|1 [,'.IEJla,i'lil H¥T CJ'EI:J'I_}"I(“[[H!JH CH{J“CT-
BaMH.
I..- 3Hﬂ'|eHHe OnpeacauTeITd HE HEIMEHHTCH, €CJIH B HEM CTPOKH M
CTONDUBL MOMEHATH POJTHMMAL
a b ool |@ a a
@ b a|l=lh b &)
a3 byl g o o
E {:—l"lfl}" EIGJLL‘JEHL‘JI'(} Paﬂﬂﬂnpﬂﬁuﬂ {'}"PUJC n C"lf!ﬂﬁ”ﬂﬁ 0 [lpl:,'l.c,“ HTEH BCE
oanbHEeHWWe cpoiicToa NnMpuBeacM TONBKO ILNHA CTPOK. .D.J'IH CTO..-‘]EL'[OB BCC
cnoiicTea QOPMYIMPYIOTCH aHATOTHYHO,
2. I_.IEDECTHHUEKH. JABYX CTPOK ONPpeilcTHTENA PABHOCHIEHA YMHOKCH MR
ero Ha umcino —1.
3. ECHH OMPeaeIuTEeNb: HMEET ABC OJHMHAKOBRIC CTPOKH, TO OH paBCcH
H YO,
4. YMEIH}KE‘HHC BCCX ZJICMCHTOR HEKﬂTupﬂi’i CTDU EH anﬁ'ﬂﬂﬂHTCJ!H Ha
UHCITO ?L. p&lﬂ}l{'}c“ﬂhﬂﬂ }I"M HOMEH M )Y Ullpcjll:,l'l"'l'l:,]'[!-[ HA 3T YHCIIO 11_

! A Takaxe onpefeNuTen BTOPOTO, KK, BIPOYEM H TI0G0M0 APYroro Nopsaka,
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5. EcnH Bee a/ieMeHThl HEKOTOPOH CTPOKH ONpPelelHTens PABHEI HYJLIO,
TO W CaM ONPeleHTeNE: PABEH HYIID,

6. Eciv 2JICMEHTBI IBYX CTPOK ONPEACIHTENH NPONOPUHOHATBHBL, TO
OMPeacHTE b PABCH HYJIK.

7. Ecau BCe MEMEHTHl HCKOTOPOH CTPOKH ONPEACIHTENA NPEeICcTaAR-
JeHBl B BUIAE CYMMBl IBYX YHCEJ, TO 3TOT ONPele/HTeNb MOXeT OBITh
NMPeiCcTABICH B BHAE CYMMBI ABYX CJASOVIOUIMX ONPELeAHTENEH:

m <o b+ g+ | b ol |laf N o
a by & |5l b altlm b ol
as by e | | by e| |z b g

8. Ecnu K aneMeHTamM HEKGTOPOH CTPOKH ONpelciuTe/iA npHbaBUTE
COOTBETCTBYIOWHE 3MIeMEHTHL APYIol CTPOKH 3TOrO OnpeteinTens, VM-
HOGKCHHBIC HA npuH;ilmJ‘Ibllhlifi MHOMMTENE A, TO 3HAYCHHE OIpeic/ivTe 18
HEC H3MCHHTCH.

Kak moxHO cBECTHU onpegennuresb
TpeTbLero NopaaKka K BbI4McreHUIo
onpegenutTenein BTOporo nopagka?

J:LJ'I!-I NMOCTPOCHWA EUUTHCTCT“}’IOI!.IEH E]}DDM}-'JIEI I!'l:uﬁKD,!J.HMU BBCCTH MNO=
HHATHE MM HOPa | HJII'QEPHH'-II:EKOTD JOMNMOJMITHCHHH 2JIeMEHTA {}III:SEJI!:JIHTCJIH.

Munoposm IAHHOTO JIEMEHTA ONPEASTTHTENA H-T0 MOpALKa (30eck # = 3)
HAZLIBAETCH ONPENeHUTENL (8 — 1 )-To MOPAAKa, MOJyHaeMBIH W3 TAHHOTO
ONpPereTHTeN d BEMEPKHBAHHEM B HEM TOH CTPOKKM M TOro cTondia, Ha
MEPeceueHHH KOTOPLIX CTOWT JaHHBIH 2JI¢ MEHT.

Ancebpatweckum donoanenuesm TAHHOTO JIEMEHTA ONPEIeIMTEH HAIbI-
BAETCH Er0 MHHOP, B3STHIH CO 3HAKOM «+», €CJIM CYMMA HOMEPOB CTROKH
W CTONDLA, B KOTOPBIX OH PACITONOMEH, METHA, M CO 3IHAKOM «—» — ECJIH
CYMMA HEUYETHA.

Teopema (0 paznoxennn onpesenurenn ). Cysva npouseedenuis saemen-
mog Kakol-auio cmpok i (il KaKo2o-10io0 cmealiiia) onpedeaumens Ha ux
adeefpauydeckie donMIHEeRUA PAGHA GEAUHINHE IM020 onpedelumeln,

Hanpumep, pasznoxeHue ONpeieiHTe s TPETHEro NopsaLKa 1o neppoii
CTPOKE MMEET BH:

e
“ !JI II e J i-"z Cy lﬂ'z C3 . hﬂz b_'__.
i By o|=a b, o — b o +0 v b 5
as b_‘; €3 c 3 3 3
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24 Inaga 3

OTMETHM , UTO ECTH TPH NMOCTPOSHHH TAKOTO Pa3loKe HHA 2J1eMEHThI
CTPOKH (MM cToNG1IA) YMHOMKATE HE Ha CBOM alreGpanuecKHe JonoiHe -
HHA, &4 Hd a1 I'Cﬁpill‘l‘[CCK HE JONMOJIHEHHAA COOTBETCTBYIOUIHMX DNEMEHTOB
le}-’i"[)i‘i CTP(}K H (EU[]THCT{:'I'BEH HOy ,i'l,[}}’I'ﬂ oy C'I'{‘.I.‘Iﬁ [Ij.'l} » TO TAKAH CYMMaA
NPOMIBCACHUI Beerna DYIST pagha Ry,

Kak MmoXxHO ucnons3o0BaTth onpegenurenm
TpeTbero NnopaaKka Asf OTbiICKaHUA peLleHns
CUCTEMBI TPEeX NUHEeMNHbIX YpaBHEeHW
C TpemMs Heu3BeCTHbIMU?

Pacc MOTPHM CHCTEMY
qx+hy+ez=»n,

X+ hy+erz=h,
X+ hy+eoyz=0h,

B KOTOpoil KoahhHUHEHTE NPH HEHIRECTHRIX X, ¥, I W CRODOIHEBIE YWISHE
Ay fgy By cunTaloTea sananHp MK, Beenem caeayoummne HeTepe onpene-
JIUTENS: TAK HA3LIBASMBIH anpedeumeis clicmemi

a a4 g
A=lay b e
as by ¢

HTPH AONOJHHTEIBHBIX ONMPEACIHTETH

h b g a Mo oq a by My
éA‘ — hz bz ('2 5 L"I.J. - 0'2 ffz rl'2 g ﬂz — ﬂz bz f}z .
o by o ay oo ay b I

Ecam onpenenureiis cHCTEMEB A HE PABCH HYID, TO SJAHHCTBCHHOS
PEIIEHHE CHCTEMEB! OnpeaensaeTes no hopsMynam

A A, A
x=—2%, y=2L z=_EF,

Fis Fi A

TaK #He¢, KAK H BbILLE, HA3BLIBACM BIM (ﬂﬂpﬂyﬁﬂ,ﬂu Kf)ﬂ,’lr(’ﬂﬂ.
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Kak moxHO Mcnonb3o0BaTh onpepennuTenn
ONA OThICKAHWA pPeLleHMA 0QHOPOOHON CUCTEeMGbI
AOBYX NMUHEWHbIX YPABHEHUWUA
C TPEMHA HEM3BECTHbIMKN?

Pacemorpum cHeTemy

[ﬂ|.';+-|ﬁ|_y+€|z ={,
l.r:zx +hy+eoyz=0.

M3 matpunsl koadupumeHTOR

|:a'l B c'l_

a b o |

COCTABHM BCCBOIMOMHBIC ONPCACIHTEIN BTOPOIO MOPAIKA:

A, =F] € ] A, =[ﬂ| ™ =[ﬂ| b!}
4'12 ['2 {32 ('2_ i -f.l'z b}

I. Ecam Bee aTH ONPEACIHTEIN PABHEBE HYJRY, TO OJIHO M3 }'r.lEiliHCi!Hﬁ
CHCTEM I {E!HII"}H MeEp, Ii-'E'UPUC} HABMACTCH CHNCACTEBHCM JAPYIOro 1 pelUcHM -
HMH CHCTEMBI ABNHIOTCH BCC TDDHKH yucen (x, V. z}-. YOOBJCTROPDAIDILKME
TONBKD OIMHOMY ECDDTDETCTIJ-E HHO 1T DIIGM}’} YPaBHEHHWID,

2. Ecnu xoTA OBl OAHH H3 3THX onpefenuTeNed OTIHYEH OT HYIA,

TO CHCTEMA UMeeT DeCKOHEUHOe MHOMECTBO pelueHHil, onpeleiaeMblx
popMynaMm

XxmA of, pmA,ct, ZmA L

X

riue § — noboe BellecTRe HHOE YHCIIO,

Kak MOoXHO MCNONb30BaTh onpeaennTenn
ANnA uccnenoBaHUAa OAHOPOAHON CUCTEMBI TPpeX
YypaBHEHWUIA C TPEMA HEU3BECTHBIMU?

OnHoponHasa cHcTeMa
T x+by+ez=0,
la_;x-r byy+cy3z=0
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BCETIA UMEeeT TPMBHATEHOoE petnenne x = 0, y= 0, z=1{0. PapeHcTBO ®e HYTIO e
ONpeleTHTend A PABHOCHIEHO HATTHUHIO V HEE HETPH BHAJILHOTO PeLleH s,

HYTo MOXHO CKasaTh O MHOXECTBE peLlueHvin
HEeOAHOPOAHOW CUCTEMBI TPEX NINHEHHbIX
ypaBHEHMHW C TPEMSA HEN3BECTHbLIMM,
ecnwv ee onpenenuTenb pageH Hynw?

EE;IH B CHCTCMEC TPCX J'IIvII!l.:ﬁI-[I:[.‘{ yp;lmlcrm'ri C TpeMH HEHIBCCTHERIMK
CROOOIHBIE YIeHB i, fi5, fi; HE BCE PABHEL HYJTIO, TO B CIYYAE, KOTIA On-
pedeuTeNlb CHCTEMEL A PABEH HYIIO, MOTYT NPEICTABUTLCH CHASIVIOUIHE
BOIMOAKHOCTH!

1} e2cnn xoTa Gbl OAHH H3 ONPeleIHTeneH ﬂ.x, 5; HIIH a: OTJHYEH OT
HYJH, TO CHCTEMA HE MMEST pelIeHH;

2)ecnu - 5}_ - é.z =), TO CHCTEMA MOMXKET KAK HMETh, TAK H HE HMETh
PelleHH; HO eclH XoTH Obl OIHO pelleHNe HMESTCH, TO V CHCTEMBI —
DeCKOHEUHOE MHOKECTEO PASTHYHLIX PELIESHHA,

Kak MOXHO BBECTH OnNpeaenvTenn
nwbdoro nopaaka?

VeraHOBICHHOE BhILLIS ALTH (JIIrJ'L'.'_.'lCJII‘iTCJISI TPI.:']'I}C!'() [N (W] [']SI..']'.K&'I pEiSJ'[(DKCHI'IC
MO CTPOKE (CTONOLY ) MOXKET ObITh IIOIOHCHO B OCHOBY NOCISA0BATEIBHOIO
BESICHWA ONpeneIuTene nwboro NMOopaaKa mo HHAVEKIIHK,

[MyeTs y3ke MMeeTes NPaBuio, MO KOTOPOMY K10 KBanpaTHoil Marpuue
pasmepa (#n — 1) = (n— 1) conocTapaseTcsa 3HaueHHUE ee ONpeieIuTeNs.,

Toraa enpedesumenes nopadica n, OTBEMADLIMM KBALPATHON MaTpULIE

a1 912 43 - Ay
da1 T3 da3 ... Oy
dy) dyp 3y ... Ay, [
Qg Gy2 g3 Ayp

HAIBIBAIOT MHCIO, paBHOC CYMME

" )
A= ( Ul”t’flj'Mu:ﬂnM]l a Mz +ayi3Myy —+ (1" ay, My,
J=1
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Onpene uTeny ¥ CHCTEMBL JIMHEHHEIX VPaBHEHW I 7

3nech M,J,- — MHWHOPBI 7EMEHTOB @ ;, PACTIOIOKEHHBIX B MEPBOii
CTPOKE MaTPHLL (OHH ABIAKTCH ONpeaenuTensamMu (n — 1)-ro nopsam-
Kd — CM. BeILLC).

OTMEeTHM, YTO ITO PAZIOKEHHE NIPH 7 = 3 COBNAJEET C PA3IOKEHHEM
ONPEACIHTENS TPETRENO NOPAAKA NO NEPBOH CTPpoKe.

MoxHo NokKazaTk, YT BBeleHHBIH TAKHUM oDpa3oM OnpeleHTelb
n-10 nopaaka obJanaeT cEOHCTBAMM, AHATOIHYHBIMM CBOHCTBAM ON-
peoen ureaen BTOPOIrO M TPETECID NOPHIAEKA, H, KPOME TOIo, C nNoMOLLBI
ITOro ONPeac/IHTENA MOKHO HCCCNOBATE H PEeLUATE CHCTCMY M JTH HENHBIX
VPABHEHMH ¢ # HEHIBECTHRIMH.

Crenyer Takxe oBpaTHTE BHHMAHWE HA TO, MTO ONPEeIe/HTENb MO PALKA
N MOKET ObITE BBESACH HECNOCPEACTREHHO YCPE3 MEMEHTER €10 MATPHLLE!
{cM. no aromy nosoay: Hasun B. A, Kum £ J Jlnneiinan anrebpa v ana-
auTHueckan reomerpus. M Tpocnekr, 2007 ).

B yem cocTtouT metop MNycca nccnepoBaHua
M OTbICKaAHWA peleHns NMHeNMHOW CUCTEMBbI?

MeTon lyecca no cpoeil cyTH ABAAETCH METOLOM MOCAEI0BATEIEHOTD
MCEJIIOYEHHA HEHIBECTHRIX B IMHEHHON croTeme,

IMogcHUM ero Ha CASAYIOUIMX TPEeX NpHMEpax.

Hpumep I. PaccMoTpHUM CHCTEMY

2y +xy-x;=0,
xX) +,Iz +I3 =4,
131" +2I2 —2).3 = -2,

BriGepenm moboil Henyleroi KoapuMeHT NpH HEUIBECTHOM X,
HATIpHMED, pElI!HMﬁ | BO BTOPOM YPABHCHHM, W HAZOEBECM CIo ﬂ'e‘dyu{u,.\l'
koapuuneHTOM Nepporo wara. Jlns MCKAIODUEHNA HEM3IBECTHOTO X
M3 OCTAJIBHBIX YPaBHEHHMH BHIYTEM TOWIEHHO — H3 MEPBOro BTOPOE,
YMHOMEHHOE Ha 2, a U3 TPETBEro BTOpoe, yMHoxeHHoe Ha 3. [Monyuum
HOBYIO CHCTEMY

X txa +xy =4,
.1:'2 3:{'3 = '8..
—xy—5xy=-14.

Tenepb NOBTOPHM BRIGOP Beayllero Ko3gqpuUHEHTa NPH HEW3BECTHOM
X4 B YKOPOUEHHOH CHCTEME
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] —3X3 =—48,
= = 5.1'3 =-14.

Mycre Beayuium BEOpan KoadupruneHT — 1 B NepBoM U3 3THX ypaB-
HeHWI, MCKIKYHM HEH3BECTHOES Xy H3 BTOPOTO YPABHEHHSA, BHYHTAA M3
HEro MNOYWIEHHO NepRoe:

. % 3X3 - —S,
_2x3 ==6.

B nocsieanem ypaBHEHUN TeNepsb OCTANOCH TONBKO HEM3BECTHOE X4,
CnenopatenksHo, apamoi xod metona layeca 3apepuieH.

Teneps B ofpamyom xode MeTona layeca nocnenoBaTelsHO HailleM Bee
HEMIBECTHBIE, HAMHHAA C MOCHEIHETD, H3 MTOIYMHBIIEHCA NPHBEIEHHOH

CHCTCMEBI
Xy + Xy +x3 =4,
Xa 3.1'3 = 'S,
—2.1‘3 ==0.
Monyuum x3 = 3, x; = —1, x; = 2. Eduncmeennoe pelllecHHE CHCTEMBI
HalIeHO.

Hpumep 2. PACCMOTPHM CHCTEMY
X —2xy +day =1,
2x +x3+3x3=7,
=3x) + Xy = Txy ==8.

Ins 2100 cHeTEMBI NPAMOI xoa Metoda lycca CBOOMTCH K CleayIo-
HIMM NMepexXopam:

Xy —2x5 +4x3 =1, [xl —2xy +dx3 =1,
—»43X3 —3x3 =35, —»1X3—Xx3=1,
1—5:::2 +5x3=-5. ll]:ﬂ.

M3 nocnenHeili cCHCTEMBI BWIHO, YTO TPETHE YPARHEHHE NPEBPATHIOCE B
BEPHOE TOXILCTRO, & U3 BTOPOIO U NePBOND YPABHEHHE B 0DpaTHOM Xoae
meTona fayeca MOXKHO OJHOZIHAYHO HAHTH HEMIBECTHRIE X| W X,, TOJLKO
€CJIH HEH3IBECTHOMY Xy MPHIAATE NPOH3BOIBLHOE 3HAMEHHE,

29
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IMonyuum, 9TO ecin Xy = 1, Tae f € R — NpousBoiabHOE, TO Xy = | + 1
ux; =3 — 2. Takum obpaszomM, cHCTEMA UMEET GecKONEHHO MHO20 pEllie-
HHH:

Xy =3 - xy=l+t,;y=1t,Vic R

Mpumep 3. PaccMOTPHUM CHCTEMY

3.JL'| —4..1.’2 —X3 = 2,
2.1‘. —3}{2 +.T3 — 3,
xn—2x+3xn =1

B srom chavuae npamMoil xon metona [aycea BRINMSANT CHEAYIOUIHM
obpazom:

xp=2xy+3x3=1, [x=2x+3x;=1,
—¥ 2X2—]|:|X3 =—|,, — "{2_5‘.':3: 1,
x3=5x3=1. 0=-3.
B nocneaHel cHeTEME TPETHE YPABHCHHE NPCBPATHIOCE B HCBEPHOE

TOAACCTEO. CHCoBATEABHO, ITA CHCTEMA, KAK M HMCXOJHAs, peweHuil
HE MMECT,
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I'naBa 4. BektopHas aareopa

MlMaea 4. BektopHasa anreopa

Y10 Takoe reoMmeTpuUYecKuii Bektop?

Teamempuyeckus gerxmopoM, WIN MPOCTO #eKMapor, HA3LBASTCH Hanpas-
NeHHBIH oTpe3ok. Hauano BeKTopa HASBIBAKOT Moykol é2o npuaoscenus. Ans
BEKTOPA MOJIb3YIOTCH 0003HAYEHHEM @, W €ClIH OH NPHIOKEH K ToUKe A,
1o MUIYT a= AB. Jauna sexmopa obo3navuaetes | a | unu | AB|.

Bl: K'I'(‘.Ip HAa3BIBACTCH f.fy,-!&'ﬂHJl', ECJIHM 2o HAYAanoO M KOHELU COBMAJdamiT.
H}"J'Icliﬂﬁ IiﬂK'iT}p HE HMCCT HHIIP}.IENEI:HI"IH, a4 cro 1JIHHa pﬂliHEl H}"JI Y.

BEK’]'ﬂpbl HAZBIBAKTCH ROV E QR bLM I, CCIIM OHH JICHKAT HA l]ﬂHl]“ IIPSI"
MO THDO HA NapaLIeNbHBIX NPAMBIX. [IBa HEHYIEBLIX BEKTOPA HA3BIBAIOTCH
PAGHBME, €CITH OHH KOJUTHHEAPH B, MMEIOT ONMHAKOBYIO IUTHHY H O HHA-
KoBoe HanpaeieHne, Boce HYNEBBIE BEKTOPBI CHHTAKTCH PABHEBIMH,

OTMETHM, YTO TOUKA NPHACKEHHA BEKTOPA B CHITY TAKOTO ONPel1e1eHHA
paBeHCTBA BEKTOPOB MOXKET OBITh BLIOPAHA NPOH3BOIBHO, B COOTBETCTEHH
C YeM BEKTOPbLI YACTO HA3BIBAIOT caododibim i,

Kakue onepaunv Hag BeKTopam NpUHATO
Ha3bIBEATHL NIMHEWHbIMWU?

JuHelHBEIMY NPHHATO HASLIBATE ONEPALHIO CIOXKEHHA BEKTOPOB M
ONEPALHIO YMHOXEHHA BEKTOPA HA YHCIO,

Cymamois sexmopos a + b HasesiBaeTCd BEKTOP, MAVLIHI M3 Hauana
BEKTOPA & B KOHEL BEKTOPa b, MMPH YCIOBHH, YTO BEKTOP b NPHIOKEH K
KOHLY BekTopa a. Takoe npaBuio ciokeHn s 0DBIMHO HASBIBAIOT HPasiion
mpeyzoabnurka (puc.4.1),

OTMEeTHM, 4UTO CYMMa JABYX HCKOJUTHHCAPHBIX BCKTOPOEB & W b vmoxer

ObITE HAHICHA U MO REIERAY Napaaaeao2a M, COrNEACHO KOTOPOMY CYMMA

a
b a
at+b b
Puc. 4.1 Puc. 4.2

a + bhnpencrapnaer coboil AHATOHANL NAPANASIOTPAMME, MOCTPOSHHOTO

Hi BEKTOPAX @ U b, NPUACKCHHEIX K 0DLIeMYy Havany (puc. 4.2).
Hpouzeedennenm o - a sexmopa a wa wucao o © R HaseisaeTres sexrop b,

KOUTHHEAPHBIH BEKTOPY @, HME Ml WInHY, papuyio | o | - | a |, v Ha-
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BekTophas aarehpa 3l

npasnedue !, copnanaonee ¢ HanpasieHWesM a B cayiae o > 0 U IpoTH-
BOMOMOMKHOE 3TOMY HANPABRIEHHIO B cavuae o < 0,

Kakumu ceoiicTBamu o6napawoT nMHelHbIe
onepauun Hag BeKkTopamn?

K ocHOBHBIM CBOHCTBAM JMHEHHBIX ONEPALIMH HAL BEKTOPAMMH OTHO-
CHTCH Cleayiume 7 cBoicTs.

l.a+ b=5b+ a(KOMMYTATHBHOCTb CIIOXKCHMSH).

2. {a+bh)+e=a+ (b+ ) (ACCOUHATHBHOCTE CIOMEHMS).

3. dna nynesoro pektopa 0: @ + 0 = @ Va (ocoban pone HYIEBOTD
BEKTOP:HR).

4. Vada a-+ a' = O (cylIeCcTBOBAHHE NPOTHREONOIOXKHOIND BEKTOPA).

5 ala + b)) = ca + cb (IHCTPHOYTHBHOCTE YMHOMKEHHSA Ha MHMCIO
OTHOCHTENBHO CIOXKEHHA BEKTOPOR).

6. (o + fla = ca + Pa (IMcTpUOYTHBEHOCTE YMHOMEHHA Ha YHMCIO
OTHOCHTENBHO CIOXEH W Yncen).

T, ce(Pa)={wp)ra (ACCOUHATHBHOCTE VMHOKEHHA HA YHCITO).

CeroiicTea | —4 No3BoaA0T HCUEPTBIBAIOLLE PELINTE BOMPOC O BEIMH-
TAHHH BEKTOPOB,

Pazwocmeo @ — b HA3LIBACTCH TAKOW BEKTOD €, KOTOPLIIN B CYMME C
BCKTOROM .f! JACT BCKTOPR a. HCTD}I'_.!I!IU NMNOKAZATE, YTO BCKTOR Pa3zHOCTH
a—bpapeHe=a+ b', roe b' — BeKTOP, NPOTHBOMONOXKHBII B,

B 4yemM cOCTOMT KPUTEPUIA KONNMUMHEAPHOCTHU
OBYX BEKTOPOB?

KpuTepHil KONNHHEADHOCTH VTREURIAST: aexmop b xouauneapen newy-
AEFOMY GEKMopy @ moeda i mogeko moeda, kozda e R b=i-a.

Y710 Takoe NpoeKkuua BEKTopa Ha OCh
M KAKOEbI e OCHOBHLIE CEOMWCTEA?

Jns HAXOHICHUS NPOCKUMH BeKTOpa &= A8 Ha ock [ HeoGXoIHMOD
OMYCTHTL U3 Touek A 1 B nepneHaukynape Ha ock {. [yt A" n 8 — oc-
HOBAHHUA COOTBETCTEYIOLIHX MEPNeHInKyaApos, Toroa npaekiuell aekmopa

I B CAYUAC, KOUOa o = 0 wan a =0, NMPOH3BECACHHE O © @ ABJAMCTCH HYJICBBIM
BECETOPROM H M0 HANPaBacHMHE HEe Tpll'_‘ﬁ!.-'ET ONPpeacneHn .
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i = E Hil OChb fHﬁjNHHL“['CH BCJIMYMHA HH!IPHHJICHHHI'Q n'l'p!:'.ll(ﬂ -;Fﬁ; Ha
acH [,

OTMETHM, UTO;

1) npoekums BeKTOpa @ Ha ock { panHa aauHe | @ |, vMuoxennoii na
KOCHHYC VIl HAKJAOHA BEKTOPA & K OCH [}

2) npH cAOKEeHHH IBYX BEKTOPOR MX NMPOSKLHH HA NPOH3BOIIBHYIO OCh [
CEAAIBIBAIOTCAH  TIPH YMHOMXEHHH BEKTOPA Ha YMCo A £ R NpoeKUMA 3TOro
BEKTOPA HA NMPOH3IBOJBHYIO OCE { TAKXKE YMHOMAETCA Ha YHCI0 A.

nﬂCJI{:leCC I.:H-ﬂi:li;THﬂ IIFI'H HATD HAZBBATH Cﬁ()l}t‘fﬂﬂf}.‘li .'THHE'EHEI’J‘:’.‘J'HH
HP(J‘I’.".FC!.{HH Ilﬂ‘K']'{"}Pil Ha OChb.

Kak onpenenqaoTca AeKAapTOEBbI NPAMOYrofnbHbie
KoopAauHaTbl BekTopa?

[ycTh B NPOCTPAHCTEE BBEACHA ACKAPTOBA MPAMOYIOILHAN CHCTEMA
KOOPIHHAT ¢ HAYAIOM B TOUKe (M BEKTOPDI £, f, k MMEIOT eTHHHYHYIO ITHHY,
nexar Ha ocax Ox, Op, Oz COOTBETCTREHHO M MX HATTPARIEHM I CORMAIAIOT
[ I!E'].FIP.';I!HII.:I‘!HSIMH ITHX (J{.:Ci"'l. TI[.II'_II_;‘:]: JJI"A n Iﬂﬁul'u BC [CTQPH. dﬂ}"lllcﬂ'l'liylﬂ'.l'
'I']'IH OJIHOZHAYMH O UIIPEJ'I_EJISICM BIX YHCITA X, Yu Z, TAKHX, YT

d=Xi+Yj+Zk

ZTH YHCIA HASBIBAKYTCH DEK apmosbiMU RPAMOVERT bHBMU KOOPOURaQnam,
HIIHM MPOCTO Keopdunamami, BEKTOpPA d.
Mpwu 2ToM NUIIYT:

d=1{X.Y,2Z}

MoxHO MOKa3aTh, 4To KoopauHatel X, ¥, ZeexTopa d pasHbl NpoekKuiamM
ITOrO BEKTOpa Ha ook Ox, Oy 1 07 COOTBETCTEBEHHO H 3TH KOOPAHMHATEL,
KAK H MPOeKLHH BEKTOPOE Ha 0Ch, 00/a1a10T CBOHCTBOM THHEHHOCTH.

YTOo Ha3bIBaEeTCHA CKaNApPHbLIM NpoON3BeaeHUuemM
BEKTOpPOB?

Crasaphsim npouzeedeniesm IBYX BEKTOPOB @ U b Ha3BIBAETCH MMCIIO,
obosHauaesmoe (g, b), KOTOPOE PABHO NPOHIBEACHHWIO JUTHH 3THX BEKTOPOR
Ha KOCHHYC ¥I7a MERAY HUMH B ClIVYac, KOria 0oba BeKTopa HEHYICBBIC,
H PABHO HY/IKO B CIVHAC, KOTAA XOTs Obl OAHH M3 BEKTOPOB HYJIEBOMH:
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M
(a, by= hﬂ I'| & |cos(a, b), ecnin a=0,b=0,
1!], ecniv a=0 wan b=10.

3..'!.{.:1’..‘,?.» moa yeaom .H-I'E".Mﬂ'dy HEHVASFWME germopamMu @ W b noHum ACTCH
HAMMEeHBIIHWH yron Mexay avuamu 04 u OB, ecnn a=0A4 u b=08.

Ecnw oonue w3 pekTopoB (Hanpumep, b)) ABIASTCA HEHYAESBBIM, TO
CKANAPHOE npou3seneHde (@, b) coBnanaet ¢ NPOMIBENEHHEM MJTHHEI
ATOTO BEKTOPA H HA NMPOCKUMIO APYIOTro BEKTOPA & HA OCh, OTIPEIeIAe MYIO
BEKTOpOM b,

Kakmmwn ceoiicTBamm obnapgaert
cKansapHoe npouw3seneHue?

Crnenyer oTMeTHTE CHaMana, uTo cKanapHoe npousseneHue (a, b) pan-
HO HVJIIO JIMI L B IBYX CAVHAAX: THD0 KOria OJWH U3 BEKTOPOB HYJIeBOoi,
MUD0 KOTAA Yrod Mesay HUMH npamoit. Ecau (a, b) = 0, To BeKTOpbLL & 1
b HaswlBaWOT CHTOS N LT BB

K ocHOBHBIM CBOHCTBAM CKANAPHOTO NPON3BEAeHHUA OTHOCATCH Clle-
ayvioime 4 cpoicTea.,

1. (@, by =(b.a) (KOMMYTATHUBHOCTE).

2. (a+b,c)=(a,e)+(b, ).

3. (Aa,b)=>1(a. b) (ceoiicTBa 2 M 3 HA3LIBAIOT CRBOHCTEOM THHEHHOCTH
CKANHAPHOTO NMPOHIBEISHHA MO NEPBOMY MHOKHUTENI),

4. (a.a)=0 Ta=z0u (a,a)=0 < Ta=0 (CBOHCTBO NOMOKHUTENb-
HOH ONpeneeHHOCTH),

M3 cpoiicTe 1—3 BRITEKAET, MTO CKAAAPHOE MPOU3BEAEHHE NTHHEHHO
H MO BTOPOMY MHOXHTEND, T. &

(@, b+c)=(a, b)+(a,c), (a ibh)=1a,h).

Kak HailTu ckansapHoe Nnpou3BegeHne BeKTOpPOoB,
3HaA UX KOOPpAUHAaTBLI?
Ecan ABA BCKTOPA a | b a3agadsl CEOMMMH JACKAPTOBEIMM NPAMOYTOIb-

HBIMH KoopauHataMu a={X . V. Z} v b={X,. ¥;, 253}, To nmeer mecTo
PABEHCTBO

(ﬂ~&}=X|X2 | YIFI ¥ zlzz.
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Kak cnencteHe, NoAy4aeTes, YTo 4B BEKTOPA a U § OPTOroOHANBHBI TOTIA
H TONBKD TOTOA, KOTAA HX KOOPIAHHATE ¥YAOBIECTRBOPAKDT COOTHOLUSH MDY

X|X2+}’|}‘!+Zl.-?3 =1,

Kak onpepensercqa opvueHTauna TPOMKKU BEKTOPOB
B NpOCTpaHcTBE?

BekTops HAIBIBAIOTCH KOMAAGHAPHNME, SCITH OHH JTEKAT THD0 B OoHOH
IMJIOCKOQOCTF, J'[Ir'lﬁﬂ B !IﬂpE:I.J'IJICJIh}Ih!I THUIOCKOQCTH X .

nﬂHHTir'IC DFHEHTHIEHH BEOAHTCH TONLBKO JITH }’I!{JPHJIU‘ICHHMK 'I'p(‘.ll:[{
HEKOMIUIAHAPHBIX BEKTOPOB H COCTOMT B CAEAYIOLIEM.

Tpoiika HEKOMNMAHAPHEIX BEKTOPOR &, b, ¢ HA3BIRASTCA Npasoi (Co-
OTBETCTBEHHO A€606 ), €CJTH MOCE NPHBEIEHHA 3THX BEKTOPOB K oDulieMy
HAYANY TPETHIl BEKTOP € PACTIOJATACTCH MO TY CTOPOHY OT MJIOCKOCTH,
onpeaenseMoil BekTopaMu a U b, oTKyIa Kpardailuuii noBopoTt oT
MEPBOro BEKTOPA @ KO BTOPOMY BEKTOPY b KaXeTcHd COBepLIAKILIMM-
CH NMPOTHE YACOBOH CTPEAKH (COOTBETCTBEHHO MO YACOBOH CTPEnkKe)
(puc. 4.3 n 4.4).

EEJIH OBC Tpﬂﬁ EH Ii-l'.:KTﬂpﬂl! Uﬁc HEBEAHAKTCH NPagbLIMA BITH JEBBEIMH, TO
FOBOPAT, YTO 3TH TPOHKH UMEIOT odunakoeyio opuenmatuio. B nporHEHOM
CAVHAE — HPOMUGONMTONCH VD OPUEH Ao,

Sy /T

Puc. 4.3 Puc. 4.4

Beero ua Tpex HEKOMNTAHAPHEIX BEKTOPOB &, H, ¢ MOXHO COCTABHTE
IECTh YNMOPHAAOUCHHBIX TPOCK!

ab.e bocoa coab;
bac, ac b, c ba.

M3 HHX NepBble TPH TPOHKH MMEIOT TY e OPHEHTALIHIG, UTo M Tpoiika
., b‘, C, d TAKXEEC NOCHNCIHWE Tpl‘[ Tp[,‘.lﬁl(,l{ HMMMEDT {JPI{GHTEII[H By, IT[}UTHIH}-
NOJICCKHY Y OPHEHTALIMY TPOHKN a, b, .
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Panwu onpegeneHHOCTH DVIEM PACCMATPHEATE TONBKO TE IEKAPTOBLI
NMPAMOYTOIEHEIE CHCTEMBI KOOPIHHAT, B KOTOPLIX BEKTODE i, f, k oGpazvior
[IPH H-}’KJ '.IT.IUIP‘II K}" {'I'."IK HE CHCTEMEI KUQP,’{H HAT HAZBIBAKYTCH H'FHHM,H !n‘}.

Y10 Ha3bIBAETCA BEKTOPHLIM NPpOU3BEAEHUEM
BEKTOpPOB?

.BE'KJH()FHM.M’ !i.ﬂﬂu.’lﬁt‘fjf”ﬁ&'ﬂf _i'l,li}"x H(_‘I‘E}’J]i:lihlx IiﬂK'l'{)r}(‘.I“ aH .I'J Ha3blBa-
eTCH BEKTOP € VAORICTBOPAIOWHH TpeM TpeboBaHHAM:

1) miuua | ¢ | paBHa NPOM3BENEHHIO ITHH THX BEKTOPOB HA CHHYC
VIl MERIY HUMM:

L
le|H al-| bl-sinia, b

2) BEKTOP € OPTOrOHAJIEH KKIOMY H3 BEKTOPOB @ u b;

3) BeKTOp € (B CAYYAE, €CJIH OKA3AICH HEHYJIEBBIM) HANPABICH TAK, 4TO
Tpoiika a, b, ¢ — npapas. Bekmophoe npouzeedenie BEKTOPOB @ W b, XoTA
Dbl OMH U3 KOTOPEIX HYJICBOH, CYMTAETCSH PABHBIM HYJIEBOMY BEKTOPY.

O6o3HauaeTeH BEKTOPHOE MPOH3BEIEHHE BEKTOPOE @ W B CHMBOJIOM
[a, B].

Y7o Ha3bIBAETCH CMELLaAHHBIM NPOU3EBEeAEHUEM
BEKTOpPOB?

Cuewannsim npouzeedenyeM TPEX BEKTOPOB &, b, ¢ HassIBASTCH YMCI0,
obozHavaesmoe (@, b, ¢), KOTOPOE PABHO CKANAPHOMY NPOHIRSICHW
BeKTOpOE [a, #] n e, T. ¢,

(a, b, c) = ([a, b, c).

B yem cOCTONT reOMEeTPHUYECKNI CMbICH
BEKTOPHOro npovw3aeeneHna?

Bo-nepsoix, sexmopnoe npouzeedenue |a, b] pasguo nyaesomy eexmopy
mozda u moasko moedda, Kozda eexmops @ « b Kogauneaps.

BU-I}'E'[]DhIX, B ClVYae, KOrla BCKTOPEL @ 1 b HEK{}J’IJIHHI:HPH BI, JUITHHA
| [a. B] | BeKTOpHOrO NPOU3BCACHHA PaBHA TJIOLALN NapaieIorpasMMa,
NOCTPOCHHOI'O HA NMPUBEACHHBIX K 0DLIEMY HAMANY BEKTOpax a U b.

M B TpeTeux, BexTop | [a, #] | Bcerna nepneHaHKyIApeH NJICCKOCTH,
onpereTaeMol NPpUBEACHHBIMH K oDlIeMY HAYANY HEKONIHMHEAPHBIMH
BEKTOPAMH & & b,
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B yem cocTOMT reoMeTpUYECKUii CMbICH
CMELAHHOIo Nnpon3seneHna?

Bo-nepsuix. cwewannoe npouseedenue (a, b, €) pasno nyawo mozda u
maoabko mozda, Koeda saexmopel @, b u ¢ Komnaanapns,

Bo-propeix, B CAviae, KOTIAa BEKTOPE &, b, ¢ HEKOMNIaHapHB, abco-
MOTHAA BenuuuHa | (a, b, €) | cMelllaHHOTO NPOH3BEIEHH PABHA 00 BEMY
napaiiefenunena, NoCTPOSHHOTO HA NPHBEAEHHBIX K oDUIeMY Havany
BeKTOpax @, b u ¢

H Ii"l'pL"Tth, CMCLIAHHOC [Ipﬂ H3IBCJACHMWE {ﬂ, fJ, C:I HE KON IIJIE‘:IH-EIPHhEX
IiCK'I'[JpﬂH [ 18 |'J C NMONOEKHTENRHO TONA H TOMEKO TOMN1a, Korjaa 'I'pﬂ“l{ﬂ
a, b, ¢ npagsas.

Kakumu anrebpavyeckumun ceoiicTeamm obnapgawoT
BEKTOPHOE U CMeLluaHHoe npon3eeneHna?

K OQOCHOBHBIM 01 I'CﬁpHH‘ICUKHM Lfliﬂﬁﬂ-THHhi I1EK']UPHQI'E] IIP[]HZ]I!-{:_.'ECHHFI
OTHOCHT clenvioude 4 cpoicTpa.

1. [a, b]=—[h, ] (AHTHKOMMYTATHBHOCT).

2. [a+b.cl=[ac]+[bc].

A [ha,bl=2[a, b] (ceoiicTBa 2 M 3 HAILIBAIOT CROHCTROM JIMHEHHOCTH
BEKTOPHOTO NMPOH3BEIEHHA MO MePBOMY MHOMHTEI ).

4. la.al=0"7a.
M3 ceoiicTe | —3 BRITEKAST, UTO BEKTOPHOE NMPOHM3BEIeHHE THHEHHO
H 1o Ii-'l'ﬁ['fl(}h-‘i}" MHOBHTENW, T. €.

la, b+c)l=|a, b]+|a, cl. [a, xb]=A|a, b].

K ocHOoBHBIM anrebpanvuecKiM CEOHCTRAM CMELIAHHOTO NPOH3IBEIeHH A
OTHOCAT clenyioumre 3 cpoiicTia.,

1. (a. b e)=(b.c.a)=(c,a.b)=—(b.a,c)=—(a,c, b)=—(c. b, a).

2. (e by +rea)=(a, b, q)+{a, b cy).

3. (a, b, ic)=0a b, ) (ceolicTBa 2 ¥ 3 HA3BIBAKOT CBOHCTBOM JTHHEH-
HOCTH CMCILIAHHOIO IIPUH;SBEJI_{:I{HH Ty IIOUJ’[{:J’HIC}iy MIID)KHT{.:JI]{}},

C yvueroM cBoleTea | M3 cBOHCTE 2 M 3 BRITCKACT, UTO CMEIWIAHHOS
NPOMIBCACHUE JTHHCHHO No JI000MY M3 TPEX CBOMX MHOXHTEICH.
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Kak HailTn BEKTOPpHOE U CMEeLlaHHoe
npon3BeegeHnd, 3Haa KOOpAMHaThbI
nepemMHOXaeMbiX BEKTOpoB?

Ecau pekTopel @ u b 3aaHEl CBOUMM JEKAPTOBLIMH NPAMOYTOIbHEI-
mu koopanHatamu! a={X. Y. Z|} u b={X,.Y5, Z5}, To uMmeeT mecTO
PABEHCTBO

lﬂbl = {Y|Zz = Y22|,Z]X3—ZEX],X|Y2 = X2Y||'

MM B YA0DHOM U8 3aM0OMHHAHWA HH»‘].!.E3

i g ok
labl=|x, ¥ 2z
Y. B 2

Ecnw Tpu pekTOopa a. b ¥ ¢ 3a0aHbl CBOMMH ASKAPTOBBIMH MPAMOYT O/ b-
HbBIMH KOOpAHHATAMH a={X |, ¥, £}, b={X5. Y5, 5} c={Xy, 15, 45), TO
HMCET MCCTO PABCHCTBO

X h 4
(a, b c)= Xg Yg 22.
Xy 3 Zy

Y10 Ha3bLIBAOT ABOWHbLIM BEKTOPHbLIM
npow3segeHnem?

Aeolinoim gexmopibin npouszecdenuem HasblBaeTcsa sertop |a.|b, c]].
Cnpaliﬁ.ﬁil HBO PABCHCTBO

la.(b.c)]= b-(a,c)— c(a, b).

I Cucrema KOOPRIWMHAT, KAK CKATAHO BEILIC, BCCMAA MPpeAnOnaracTcH npnnou.

* 3

“ ZHAMCHHMEM DTOrO OQNPpELOCAHTEAH ABIHCTCH BCETOPR, NMOAYUAKLIHHCE NpH
PATTOHRCHHH ONPeacINTensd mo HCFBDH CTPOKE.
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I'naBa 5. IIpeoOpa3oBaHue JeKapTOBbIX
NPSIMOYTOJbHBIX KOOPIHHAT
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